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We carry out a throughout study of the topological Hall and topological spin Hall effects in disor-
dered skyrmionic systems: the dimensionless (spin) Hall angles are evaluated across the energy band
structure in the multiprobe Landauer-Bu¨ttiker formalism and their link to the effective magnetic
field emerging from the real space topology of the spin texture is highlighted. We discuss these
results for an optimal skyrmion size and for various sizes of the sample and found that the adiabatic
approximation still holds for large skyrmions as well as for few atomic size-nanoskyrmions. Finally,
we test the robustness of the topological signals against disorder strength and show that topological
Hall effect is highly sensitive to momentum scattering.
PACS numbers: 72.15.Gd,72.25.-b,75.30.-m
I. INTRODUCTION
Since the discovery of the ordinary Hall effect1 (OHE)
in 1879, closely related phenomena such as anomalous
Hall effect2 (AHE) and spin Hall effect3–7 (SHE) have
been experimentally reported and their underlying mech-
anisms theoretically investigated8,9. Their occurrence in
a broad range of solids and electron gases under different
conditions suggests a common denominator which is the
conjunction of time-reversal symmetry breaking by either
external magnetic field or magnetization and the onset of
an effective Lorentz force either driven by external mag-
netic field or spin-orbit coupling (SOC). In ferromagnetic
conductors for instance, where magnetization and SOC
are present, AHE generates a transverse charge voltage
at opposite edges of the sample8. In contrast, in nor-
mal metals or semiconductors where only SOC is present,
SHE induces a chargeless spin voltage5–7. In both AHE
and SHE, SOC induces an effective Lorentz force, related
either to a disorder-driven renormalization of the veloc-
ity operator or to the band structure Berry curvature8,9.
The anomalous velocity arises from the fictitious mag-
netic field B(p) that emerges in momentum space.
Interestingly, this emergent magnetic field does not
necessarily need to be in momentum space, but can also
exist in real space10,11. It is well known that when elec-
trons flow in a non-trivial magnetic texture, they expe-
rience an emergent electromagnetic field12,13. The emer-
gent electric field Esi = (s~/2e)m · (∂tm×∂im) produces
a spin motive force14,15, i.e. a time-dependent magneti-
zation (∂tm 6= 0) induces a local spin current12,13. The
emergent magnetic field Bs = (−s~/2e)m·(∂xm×∂ym)z
creates an effective Lorentz force16 on the flowing elec-
tron that changes sign on the two opposite spins, cre-
ating a local, spin-dependent OHE. This emergent mag-
netic field, formed by the solid angle subtended by the
magnetic moments of the spin texture17, is capable of in-
ducing the transverse motion of electrons like any real
magnetic field giving rise to the so-called topological
Hall effect18 (THE) in magnetic textures with non-trivial
topology.
The role of real space topology keeps on increas-
ing since the experimental discovery of magnetic
skyrmions19–27, which are topologically non-trivial spin
textures28 in non-centrosymmetric ferromagnetic struc-
tures. Skyrmions are in pole position in the racetrack
memory search, thanks to prominent features that make
them the ultimate bit of information29: in contrast with
magnetic domain walls, magnetic skyrmions are topo-
logical defects, localized in space, and present a decent
robustness against pinning by magnetic defects, enabling
current-driven motion at low current density. Different
skyrmion sizes have already been reported in the bulk of
B20 compounds or in magnetic multilayers with broken
inversion symmetry. For instance, a skyrmion diameter
of 70 nm has been obtained in thin film FeGe21, as com-
pared to 30 nm in ultrathin (Ir/Co/Pt)10 multilayers
27
and 18 nm for MnSi20, down to 1 nm in Fe monolayer
deposited on Ir(111) surface22. These small sizes corre-
spond to emergent magnetic fields ranging from 1T to
4000T.
The topological properties of skyrmions ensure that
the total flux generated by a single skyrmion equals one
flux quantum, h/e. Recently, discretized topological Hall
effect has been observed30 in constricted geometry and
the emergence of quantum AHE in a skyrmion crystal has
been theoretically explored31. An intriguing topological
spin Hall effect (TSHE) has been obtained numerically
in a single skyrmion32. This TSHE displays an atypical
energy dependence that contrasts with the one of THE.
In this work, we focus on the topological electronic
transport in ferromagnetic skyrmions, in both clean and
disordered regimes. We use a tight-binding model to
study charge-spin transport quantities in a ferromagnetic
conductor perforated by an isolated skyrmion. In partic-
ular, we investigate the dimensionless charge and spin
Hall angles quantifying the strength of THE and TSHE
as a function of the carrier transport energy. We also test
the magnitude of these two effects as a function of the
skyrmion radius and find that the THE and TSHE reach
their saturated values even for few-atom-size skyrmions.
Finally, we inspect the robustness of THE and TSHE as
ar
X
iv
:1
60
9.
05
48
0v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
18
 Se
p 2
01
6
2FIG. 1. (Color online) (a) Diagram of the 4-terminal setup,
made up of a central skyrmion scattering region attached to
four ferromagnetic leads L, T, R, B at chemical potentials
µL,T,R,B . A voltage bias is applied between L and R while the
induced transverse charge-spin voltages are probed in T and
B. (b) Magnetic field emerging from the skyrmion texture.
a function of the disorder strength and find that the Hall
effect is significantly reduced even when the mean free
path is larger than the skyrmion radius.
The paper is organized as follows: Section II presents
the theoretical method and offers a general discussion
about the charge and spin transport calculation in the
tight-binding system. The numerical results for the clean
and disordered regimes are presented and analyzed in
Sec. III. Conclusion and perspectives are provided in
Sec. IV.
II. MODEL
A. Theoretical Method
In this section, we present the system within a suit-
able framework to quantify the topological Hall effect
and the topological spin Hall effect arising from the emer-
gent magnetic field of the skyrmionic texture. This effec-
tive field, represented in Fig. 1(b) reads Bz(r) =
~
2em ·
(∂xm×∂ym) where the local magnetization unit vector is
m = (sin θ(r) cosφxy, sin θ(r) sinφxy, cos θ(r)), with r =√
x2 + y2 and φxy is the azimuthal angle. The total mag-
netic flux over the sample is simply
∫
d2rBz(r) = NΦ0
where N is the quantized topological winding number or
Chern number and Φ0, the quantum of flux. We model
our system, a thin ferromagnetic layer pierced by a single
skyrmion at its center [see Fig. 1(a)], as a two dimen-
sional square lattice of size L×Wa20 with a0 being the lat-
tice constant, connected to four external semi-infinite fer-
romagnetic reservoirs to ensure the continuity in magne-
tization between the central region of study and the leads.
We adopt a skyrmionic profile given by the polar angle of
the local magnetization direction θ(r) = 4 tan−1 exp( rr0 ).
We note that this differs from the linear profiles discussed
in Ref. 11 and from the Usov ansatz for skyrmions de-
scribed in Ref. 33 for example. Nevertheless, the nu-
merical differences are small and do not influence the
qualitative features of the topological Hall angles as long
as minimal distances between the sample edges and the
skyrmion spatial extension are respected. Our consid-
erations are based on steady state conditions for which
the skyrmion is pinned and its dynamics neglected as we
consider very small injected currents.
We calculate the transport properties of interest using
the wave function formulation of the scattering problem
method as implemented in the software package Kwant34.
In a single-band tight-binding model, the physical quan-
tities are expressed in the basis of the local atomic sites
wave function and the electron Hamiltonian reads
Hˆ =
∑
i
cˆ†i icˆi− t
∑
〈i,j〉
(cˆ†i cˆj + H.c)−∆
∑
i
cˆ†imi · σˆcˆi (1)
where i is the on-site energy, t is the hopping parameter
between the neighboring sites i and j, ∆ is the strength
of the exchange coupling between the background mag-
netic texture mi of the scattering region and the itiner-
ant electron with spin represented by the vector of spin
Pauli matrices σˆ. cˆi
† = (cˆ†i↑, cˆ
†
i↓) is the spinor form of the
usual fermionic creation operator at the site i (↑, ↓ refer
to the spin projection along the quantization axis, i.e z-
axis). The local magnetic moment direction mi on site
i = (ix, iy) of the scattering region is determined by the
spatial extension of the skyrmion as mi = zˆ everywhere
except inside the skyrmion. Neither external magnetic
field nor SOC are considered in this work. This rules out
not only OHE but also the ’conventional’ AHE and SHE.
Therefore, any Hall signal computed in this study arises
solely from the topology of the magnetic texture.
For the coherent charge and spin transport calculation,
we apply the Landauer-Bu¨ttiker formalism to the four-
terminal cross bar device as shown in Fig. 1(a), in which
a voltage bias is added between the left lead (L) and the
right lead (R), imposing a longitudinal flowing charge
current. The induced transverse charge and spin currents
are probed using the top lead (T) and the bottom lead
(B).
B. Landauer-Bu¨ttiker for charge and spin currents
In our tight-binding model, we define each ferromag-
netic lead in Fig. 1 as consisting of two leads allowing
only one spin species ↑, ↓ to propagate. The tight-binding
Hamiltonian in Eq. (1), with the skyrmion texture,
mixes the two spin channels. Therefore, the implemen-
tation using Kwant provides directly the spin-resolved
transmission coefficients within the standard multiprobe
Landauer-Bu¨ttiker formalism35,36. The electric currents
Iem in a structure attached to many leads (labeled by m=
L, T, R, B) are calculated as
Iem =
e2
2pi~
∑
n 6=m,σ,σ′
(
Tσ
′σ
nm Vm − Tσσ
′
mn Vn
)
, (2)
where Tσ
′σ
nm is the transmission coefficient for an elec-
tron from lead-m with spin σ to lead-n with spin σ′. We
3note that the vector composed of the four terminal charge
currents is straightforwardly written as a matrix of the
transmission coefficients multiplied by the vector of the
four lead voltages. The 4×4 matrix associated with the
linear system described by Eq. (2) is obviously singu-
lar, because of the total charge current conservation at
steady state (Tσ
′σ
mm = −
∑
n 6=m T
σ′σ
mn ). Therefore, we can
without loss of generality set one of the voltage, VB = 0
and write (VL, VT, VR)
T
= 2pi~e2 R (IeL, IeT, IeR)T where R is
the inverse of the 3×3 transmission matrix, straightfor-
wardly obtained from Eq. (2). When we enforce a small
longitudinal charge bias between lead L and lead R i.e
µR − µL = eδV , IL = −IR = I and IT = 0 for the Hall
measurements, the terminal voltages are expressed as
VL = (R11 −R13) δV/D,
VT = (R21 −R23) δV/D,
VR = (R31 −R33) δV/D,
and VB = 0 with D = R11 +R33 −R13 −R31 and δV =
(µL − µR) /e being the imposed voltage bias between the
left and right leads. The transverse Hall voltage and the
topological Hall angle θTH are readily evaluated as
θTH =
EH
Ex
=
VT − VB
VR − VL . (3)
In order to calculate the spin Hall angle, we first define
the quantities
T inmn = T
↑↑
mn + T
↑↓
mn − T ↓↓mn − T ↓↑mn, (4)
T outmn = T
↑↑
mn + T
↓↑
mn − T ↓↓mn − T ↑↓mn, (5)
quantifying the spin current entering in and going out
of the lead m. The different terminal spin currents are
defined as37,38
Ism =
e
4pi
∑
n 6=m
(
T outnmVm − T inmnVn
)
. (6)
For instance, the spin current in the left lead is IsL =
e
4pi
(
[T outTL + T
out
RL + T
out
BL ]VL − T inLTVT − T inLRVR − T inLBVB
)
.
From the spin and charge currents, we can calculate the
topological spin Hall angle (TSH) as
θTSH =
2e
~
(
IsT − IsB
IeL − IeR
)
. (7)
III. RESULTS AND ANALYSIS
A. Preliminary Results for a single skyrmion
We first benchmark our model by computing θTH and
θTSH, quantifying the THE and TSHE respectively, as
a function of different transport energy tr, following
Ref. 32. The system we consider is a typical ferromag-
netic metal, described in Eq. (1), such that the splitting
of the energy band structure ∆ is much smaller than
the tight-binding bandwidth 8t: the spin-resolved energy
bandwidths therefore overlap in some range of the trans-
port energy tr. All the energies are normalized to the
hopping parameter t. The band structure extends from
tr = −4t − ∆ to tr = 4t + ∆, and the associated spin
polarization P is displayed in Fig. 2(a). Half metal-
lic states (P=±1) are located at the edges of the band
structure, specifically for |tr| > 4t − ∆. In the range
−4t + ∆ < tr < 4t − ∆, the polarization changes sign
continuously, denoting spin mixing. In the rest of the
paper, a constant charge bias µL−µR = 10−2t is applied
to the system. We take L = W unless explicitly speci-
fied and all lengths are expressed in units of the lattice
parameter a0. For different transport energy of incoming
electrons tr, we plot in Fig. 2(b) and (c) the topological
Hall angle θTH and topological spin Hall angle θTSH for
two different values of exchange coupling ∆ = 13 t and
4
3 t. A global analysis of Fig. 2 shows three main regions,
irrespective of the exchange strength:
1. |tr| > 4t −∆, the material is fully spin polarized,
θTH is negative and finite whereas θTSH is zero.
2. ∆ < |tr| < 4t−∆, the spin polarization is smaller
than 1 and vanishes in most of the region; there
θTH = 0 whereas θTSH is finite and negative.
3. |tr| < ∆, θTSH ' 0 and θTH is constant and posi-
tive.
The dependence of the topological Hall angles θT(S)H on
transport energy can be understood by considering the
spin and carrier type (electron/hole) injected from the
ferromagnetic contacts as explained in Ref. 32 [see Fig.
2(d) in Ref. 32]: for positive bias voltage, electrons are
injected from lead L into lead R and holes are injected
from lead R into lead L. Under skyrmion-driven topo-
logical Hall effect, a spin-up electron originating from
lead L scatters towards lead T, and by symmetry a spin-
down hole originating from lead R scatters towards lead
FIG. 2. (Color online) (a) The spin polarization and (b,c)
topological Hall angles for different transport energies tr for a
sample size of L = W = 96a0 and a skyrmion radius of 10a0.
The value of the exchange coupling ∆ defines the boundaries
and affects the magnitudes of θTH and θTSH.
4B. Similarly, a spin-down electron originating from lead
L scatters towards lead B, and a spin-up hole originat-
ing from lead R scatters towards lead T. We can now
analyze the results displayed in Fig. 2. In region (1),
|tr| > 4t − ∆, the leads are half metallic so that only
spin-up are available. Electrons are scattered towards
lead T, while holes are scattered towards lead B and
as a result only THE survives while TSHE is quenched
(θTSH = 0). In region (2), both spin-up and spin-down
electrons (holes) are injected from terminal L (R). Spin-
up and spin-down carriers experience a topological spin-
dependent force, F↑ = −F↓, that drags them towards
opposite directions. In addition, due to the zero current
condition imposed on leads T and B, the diffusion-driven
force reacting to charge imbalance is non-topological and
spin-independent. Hence, it exerts the same force on
spin-up and spin-down, i.e. −eETH = F↑ = F↓. As
a consequence, these two conditions are met only when
θTH = 0. In region (3), spin-down electrons and holes are
injected from terminals L and R, respectively, so that two
different types of carriers with the same spin dominate
the transport. TSHE is suppressed, and THE becomes
finite.
As a final note, we stress out that our calculations
are performed on large samples and therefore account
for a large number of modes. When the calculation is
performed in a narrow sample displaying a small number
of modes, as in Ref. 32, it results in the manifestation of
quantum interferences yielding oscillations of the T(S)HE
signal as a function of the energy. Such oscillations are
unlikely to be observed in a realistic situation due to
decoherence. The large number of modes accounted for
in our study ensures that the computed T(S)HE signals
are smooth, free from quantum oscillations, and hence
correspond to a more realistic experimental situation.
B. The validity of the adiabatic approximation and
the geometrical Hall signals
The theory of THE has been mostly derived
within the adiabatic approximation, i.e. assuming
that the flowing spins remain aligned on the local
magnetization18,28. Nonetheless, when the magnetic tex-
ture changes abruptly (typically on a distance equivalent
to the spin precession length) the itinerant spins start
misaligning away from the local magnetization, an effect
known as the spin mistracking and responsible for do-
main wall resistance and non-adiabatic torque39,40. In
the present section, we aim at determining whether the
result obtained from the adiabatic theory is valid in few-
atom-size skyrmions.
To do so, we compute THE and TSHE as a function
of the skyrmion size in a sample of width W = 128
a0. Notice that the maximal skyrmion radius is taken
at rs =
W
6 to avoid spurious size effects and unwanted
magnetic discontinuity at the edges of the sample. The
numerical ansatz for the skyrmionic profile is very con-
FIG. 3. (Color online) The non zero topological Hall angles
θTH (blue) and θTSH (red) as a function of the skyrmion radius
for three different energies, tr = −3.7, −2.0 and 0. Here, the
sample size is 128×128 a20 and the exchange coupling constant
is ∆ = 2t
3
. The vertical lines indicate the minimal and the
optimal skyrmion radius.
venient for this purpose because for this range of rs the
magnetization is almost fully relaxed to an up state at
the leads. The results are plotted in Fig. 3 for different
transport energies: the blue curves represents the nonva-
nishing THE for tr = 0, −3.7 and the red one the TSHE
at tr = −2.0. The value rs = 0 corresponds obviously
to the absence of skyrmion, i.e. the homogeneous ferro-
magnetic state, and does not display any THE or TSHE
as seen in Fig. 3. When the radius increases, the system
gradually departs from the ferromagnetic state and a sin-
gle skyrmion is generated so that the topological Hall an-
gles increase from 0 to a finite value. The radius rs = a0
corresponds to a single spin down impurity in the middle
of the ferromagnetic state and therefore does not rep-
resent a true skyrmion. But above the critical radius of
rs = 2a0, our model captures a proper skyrmion and both
THE and TSHE saturate at a constant value, indepen-
dent of the skyrmion radius. As a matter of fact, a small
skyrmion occupies a narrow region but exhibits a large
emergent magnetic field, due to the large magnetization
gradient. Hence, although only few electrons experience
the emergent magnetic field, they are strongly deflected.
On the other hand, a large skyrmion presents a much
smaller emergent magnetic field due to its weak magne-
tization gradient, but occupies a much wider region of
space. Therefore, almost all electrons are (weakly) de-
flected. This balance between strength of emergent field
and number of deflected electrons explains the constant
value observed in Fig. 3. That is the reason why the
theory expresses THE and TSHE as a function of the
magnetic flux and not the magnetic field. We conclude
that the adiabatic approximation assumed in the conven-
tional theories of THE18,28 is very robust, even for very
small skyrmions (two atomic sites). For the rest of the
paper, we consider a fixed skyrmion radius equal to r0 =
10a0.
Finally, we show that our results do not depend on the
5FIG. 4. (Color online) The normalized θgmTH (blue) and θ
gm
TSH
(red) as a function of tr. The skyrmion radius is rs = 10a0.
For all widths W = L = 64a0, 96a0 and 128a0, the normalized
signals are superimposed and give exactly the same value. For
reference, the exchange coupling is ∆ = 2t
3
.
system size and are therefore independent of the num-
ber of modes. Phenomenological reasoning suggests that
the longitudinal conductance increases with the sample
size while the transverse (topological Hall) conductance
is only given by the skyrmion and remains constant as a
function of the width. Hence, by applying the appropri-
ate scaling transformation, the resulting T(S)HE curves
should all superpose, irrespective of the width of the sam-
ple. Fig. 4 displays the geometrical T(S)HE, defined
θgmT(S)H =
W
2r0
· θT(S)H
as a function of the transport energy for various sample
sizes, W = 64a0, 96a0 and 128a0. As expected, all curves
superpose with each other demonstrating that our results
are free from spurious quantum interferences and that
the sample boundaries have no impact on our numerical
results.
C. Robustness of Topological Hall Signals
So far in this study, we have assumed ballistic trans-
port in clean regime. It has been recently shown that
momentum scattering against defects and impurities has
a dramatic impact on spin transport in any realistic
magnetic textures41,42. As a matter of fact, since spin
transport in magnetic textures presents striking simi-
larities with spin transport in spin-orbit coupled band
structure, momentum scattering breaking the coherent
spin precession around the local magnetic field results,
for instance, in enhanced non-adiabaticity parameter43.
Consequently, one expects that impurity scattering is
detrimental to the skyrmion induced Hall effects studied
above. The aim of this section is to provide some insight
on the robustness of T(S)HE in disordered skyrmionic
textures. The impurities are numerically introduced in
our two-dimensional square lattice by adding a spin-
independent random potential Vsii to the onsite energy
0 , such that Vsii ∈ [−Vimp2 , Vimp2 ], where Vimp defines
the disorder strength. Figures 5(a) and (b) display the
TH/TSH angles in presence (red line) and absence of im-
purities (blue line): it is shown that disorder smears out
the edge and boundaries and reduces the magnitude of
Hall signals.
For further physical insight, we systematically vary the
impurity strength over a wide range Vimp ∈ [0, 2]t. In or-
der to quantify the impact of disorder on T(S)HE, we first
express the impurity strength in terms of its equivalent
mean free path λ. To do so, we calculate the conduc-
tance of the two-terminal sample, keeping its width fixed
at W = 64a0 and varying its length L for different dis-
order strengths Vimp. The curves of the normalized con-
ductance are shown in Fig. 6(a). We then extract the
mean free path corresponding to each disorder strength
following the semiclassical formula of the conductance,
G = G0
/(
1 +
L
λ
)
, (8)
where G0 = (e
2/h)N with N standing for the number
of transport modes in the sample. The resistance of the
sample and its length follow approximately a linear rela-
tionship, the proportionality constant allowing to extract
the effective mean free path of the system, as shown in
Fig. 6(b). For Vimp vayring from 0.5t to 2t, the equiv-
alent mean free path varies from 25a0 to 550a0. The
localization effects are negligible here.
Figure 6(c,d) displays the topological Hall angles as a
function of (c) the impurity strength and (d) the equiva-
lent mean free path. The dashed lines in Fig. 6(d) indi-
cate the values of the T(S)HE in the clean limit. These
calculations demonstrate clearly that THE and TSHE
are very sensitive to disorder. As a matter of fact, al-
though the skyrmion radius is quite small, rs = 10a0 in
this calculation, the topological Hall angles are reduced
by about 50% for a mean free path about 20 times the
skyrmion radius.
FIG. 5. (Color online) Energy dependence of (a) θTH and
(b) θTSH in the clean limit and for Vimp = 0.5, ∆ =
2t
3
, and
W = L = 64a0.
6FIG. 6. (Color online) (a) Conductance of the metallic layer
as a function of its length for different impurity strengths.
(b) Extraction of the mean free path λ for the first transport
energy tr = −3.7. Note that changing the transport energy
modifies the correspondance between Vimp and λ. (c,d) The
non vanishing θTH (blue) and θTSH (red) for a sample size of
W = 64 and for three energies, (c) as a function of impurity
strength Vimp and (d) as a function of the equivalent mean
free path λ.
IV. CONCLUSION AND PERSPECTIVES
The topological properties of electronic transport in
skyrmionic textures have been investigated in the clean
and disordered regimes. In particular, we showed that
the relative strength of the topological Hall and topolog-
ical spin Hall effects can be discriminated according to
the energy of incoming electrons and exchange coupling.
The optimal size of the sample and of the skyrmion max-
imizes the magnitude of the Hall angles, the scale being
determined by the geometrical topological Hall angles.
Finally, the robustness of these effects with respect to
spin-independent impurity scattering is quite weak, as
the topological Hall angles are quenched for a mean free
path much larger than the skyrmion size.
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